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K-stability: some history
o K-stability is first introduced by Tian (1997) as an obstruction to the

existence of Kahler-Einstein metric on Fano manifold, i.e., Kahler
metric w on X such that Ric(w) = w.
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o K-stability is first introduced by Tian (1997) as an obstruction to the
existence of Kahler-Einstein metric on Fano manifold, i.e., Kahler
metric w on X such that Ric(w) = w.

o Later Donaldson (2002) reformulate the K-stability in
algebraic-geometric way from the perspective of Mumford's GIT.

@ The famous Yau-Tian-Donaldson conjecture asserts existence of
Kahler-Einstein metric is equivalent K-stability. It is proved by
Chen-Donaldson-Sun and Tian in 2015.

@ In 2017, Chi Li and K. Fujita discover the valuative criterion for
K-stability, where many birational geometric tools can apply.

@ In the recent years, Xu's school developed algebraic K-stability theory
and use the theory to construct good moduli spaces for K-polystable
(log) Fano varieties.
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K-stability: definition

Recall a log Fano variety (X, D) consists of a normal projective variety X

and an effective Q-divisor D such that —(Kx + D) is ample Q-Cartier
divisor.

For example, (X = P3,cS;) for c € (0,1)NQ. If D =0, log Fano = Fano.
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K-stability: definition

Recall a log Fano variety (X, D) consists of a normal projective variety X

and an effective Q-divisor D such that —(Kx + D) is ample Q-Cartier
divisor.

For example, (X = IP3,¢S;) for c € (0,1)NQ. If D =0, log Fano = Fano.

Definition (Fujita-Li)
A log Fano variety (X, D) is K-semistable if

FL(x,0)(E) = Ax,0)(E) — Sx,p)(E) > 0
for any prime divisor E C Y 5 X. Here
A(X,D)(E) =1+ OrdE(Ky = W*(KX + D))

1 o0 .
S(X,D)(E) = m/o VOI(—7T (KX + D) — tE)dt
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Claim: Fy 2 BI,P? is K-unstable.

o Let E C BI,P? be the exceptional divisor of blowups i : BI,P? — P2,
then ABIPHJQ(E) = 1 -+ 0 = 1

@ Recall Zariski decomposition on normal projective surface X: let D be
pesudo-effective Q-divisor, then there is a unique decomposition
D = P+ N where P, N > 0 Q-divisors such that P.N; = 0 for each
component of N, P is nef and the intersection matrix of components
of N is negative or N = 0. In particular, vol/(D) = P2.
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K-stability: warming up example
Claim: Fy 2 BI,P? is K-unstable.

o Let E C BI,P? be the exceptional divisor of blowups i : BI,P? — P2,
then ABI,,]P’z(E) = 1 -+ O = 1

@ Recall Zariski decomposition on normal projective surface X: let D be
pesudo-effective Q-divisor, then there is a unique decomposition
D = P+ N where P, N > 0 Q-divisors such that P.N; = 0 for each
component of N, P is nef and the intersection matrix of components
of N is negative or N = 0. In particular, vol/(D) = P2.

(t + 1)E has Zariski decomposition

o —Kpjp2 — tE = p*0O(3) —
)E for 0 <t <2. Then

Py =pu*O3)—(t+1

Seipe(E) = ;/02(9 —(t+1)%)dt = %
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K-stability: how to check it 7

In general, how to check a given log Fano variety (X, D) is one of the
challenging problem in K-stability theory.
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K-stability: how to check it 7

In general, how to check a given log Fano variety (X, D) is one of the
challenging problem in K-stability theory.

@ Is each GIT stable cubic hypersurface X C P™1 K-stable ?

@ (Donaldson) Is the moduli space M of vector bundles with fixed
degree and determinant on a smooth curve K-stable ?

© C(alabi's Problem: Can we classify K-stable Fano 3 -folds ?

At present, it is an active research direction to check K-stablity of log
Fano varieties. The main two approaches

@ Equivariant criterion and Abban-Zhuang's adjunction of stability
threshold.

@ Moduli method.
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@ Abban-Zhuang's adjunction methods: Abban-zhuang (2021) proved
each smooth hypersurface Xy C P" of degree d = n is K-stable.
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@ Abban-Zhuang's adjunction methods: Abban-zhuang (2021) proved
each smooth hypersurface Xy C P" of degree d = n is K-stable.

@ Moduli methods:

© Liu-Xu (2019) and Liu(2021) proved that K-moduli space of cubic 3 or
4-folds is isomorphic to GIT space |Opn(3)|/ PGL(n + 1).

@ Ascher-DeVleming-Liu (2021) proved K-moduli space of (P! x P!, cC)
is isomorphic to VGIT

PE )1, PGL(4), L, = Ope(1) + p* Ops(t)

where p : P€ — |Op3(2)| = P? is a projective bundle parametrizing
(2,4) complete intersections in P3.
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@ Abban-Zhuang's adjunction methods: Abban-zhuang (2021) proved
each smooth hypersurface Xy C P" of degree d = n is K-stable.

@ Moduli methods:

© Liu-Xu (2019) and Liu(2021) proved that K-moduli space of cubic 3 or
4-folds is isomorphic to GIT space |Opn(3)|/ PGL(n + 1).

@ Ascher-DeVleming-Liu (2021) proved K-moduli space of (P! x P!, cC)
is isomorphic to VGIT
PE),PGL(4), L = Ope(1l) + p*Ops(t)
where p : P€ — |Op3(2)| = P? is a projective bundle parametrizing
(2,4) complete intersections in P3.

© Ascher-DeVleming-Liu (2022) gives full wall-crossing of K-moduli space
for (P3, cS,), based on the work of Laza-O'Grady’s work on moduli
space of quartic K3 surfaces.
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Equivariant criterion

Theorem (Zhuang)

Let G be an algebraic group acting on (X, D). Then (X, D) is
K-semistable if and on if (X, D) is G-equivariant K-semistable.
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Equivariant criterion

Theorem (Zhuang)

Let G be an algebraic group acting on (X, D). Then (X, D) is
K-semistable if and on if (X, D) is G-equivariant K-semistable.

Assume effective torus action T = (G,,)9™X~1 on (X, D). Equivalently,
(C(X))T = C(P') and there is X --» P!,

Theorem (Zhuang, llten-Suss)

Let (X, D) be a 2-dimensional log Fano with an effective G,-action \.
Then (X, D) is K-polystable if and only if the followings hold:

© FL(x,p)(F) > 0 for all vertical A-invariant prime divisors F on X;
@ FL(x,p)(F) = 0 for all horizontal X-invariant prime divisors F on X;
© FL(x,p)(v) = 0 for the valuation v induced by the 1-PS \.
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Example

C = Hx+ Hy + 4H; ~ —2Kp, p2 where Hy the proper transform of the
line {x =0} C P2,
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C=Hc+H, +4H, ~ —2KB,p]pz where H, the proper transform of the
line {x =0} C P2.
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(BI,P?, cC) is K-semistable if and only if c =

(] A(B/pP2,CC)(HZ) =1—4c Z S(B/p]P’Z,CC)(HZ) = %(1—2C) |mp||es C S
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Example

C=Hc+H, +4H, ~ —2KB,p]pz where H, the proper transform of the
line {x =0} C P2.

Proposition

(BI,P?, cC) is K-semistable if and only if c =

(] A(B/pP2,CC)(HZ) =1—4c Z S(B/p]P’Z,CC)(HZ) = %(1—2C) |mp||es C S
° A(BIPPZ’CC)(HX) =1-c> S(B/P]PQ’CC)(HX) = %(1 —2c) implies ¢ >

@ The pair (B/,P?, C) is toric. Computation of barycenters will show

(BI,P2, L C) is K-semistable. Or one can use a Gp-equivariant
criterion.

NN
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K-moduli spaces of log Fano varieties

@ Due to many people's work (Jiang, Xu, Blum-Liu-Xu, Blum-Xu,
Liu-Xu-Zhuang, Xu-Zhunag etc), there is a proper Artin stack of
finite type ‘,BK(C) parametrizing K-semistable n-dimensional log Fano
varieties (X, cD) with fixed volume v = (—Kx)" where D ~ —2Kx

and c € (0,%) NQ.
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K-moduli spaces of log Fano varieties

@ Due to many people's work (Jiang, Xu, Blum-Liu-Xu, Blum-Xu,
Liu-Xu-Zhuang, Xu-Zhunag etc), there is a proper Artin stack of
finite type KX (c) parametrizing K-semistable n-dimensional log Fano
varieties (X, cD) with fixed volume v = (—Kx)" where D ~ —2Kx
and c € (0,3)NQ.

o Moreover, X (c) has good moduli space
P (c) = P(c)
in the sense of J. Alper, which locally looks like
[Spec(R)/G] — Spec(R®)

where G is a reductive algebraic group.
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K-moduli wall-crossing

Theorem (Ascher-DeVleming-Liu- 2019)

There are finitely many rational numbers (i.e., walls )
O<m<: - < Wm<%SUCh that

P(c)K = P()K forany wj < c,c’ <wjy1and any 1<i<m-—1.

K =K
Denote P (w;, wjy1) := P (c) for some ¢ € (wj, wit+1), then at each wall
w;, there is a flip (or divisorial contraction)

P (Wit wj) — P (w;) — P (wj, wir1)

which fits into a local VGIT.
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K-moduli of del pezzo pair of degree 8

o Let PX(c) be the K-moduli space of 2-dimensional log Fano varieties
with (—Kx)? = 8 and a general member is (B/,P?, cC).
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K-moduli of del pezzo pair of degree 8

o Let PX(c) be the K-moduli space of 2-dimensional log Fano varieties
with (—Kx)? = 8 and a general member is (B/,P?, cC).

o C €| —2Kp,p2| can be viewed as C = 7*D — 2E where D C P2

D= {Z4f2(X,y)+Z3fé(X,y)-|-"-+f@(X,y) :O}
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K-moduli of del pezzo pair of degree 8

o Let PX(c) be the K-moduli space of 2-dimensional log Fano varieties
with (—Kx)? = 8 and a general member is (B/,P?, cC).

o C €| —2Kgp2| can be viewed as C = n*D — 2E where D C P?
D = {Z*f(x,y) + 22 f(x,y) + - + fs(x, y) = 0}.
Assume f(x,y) has rank 2, then curve D has the form
az'xy + 23f(x, y) + 22 fa(x, y) + zfs(x, y) + fo(x, y) = 0

Let PV 22 P20 be the parameter space of such D and there is
T = (C*)?-action on PV and define GIT space PV T .
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Moduli space

o Let X = Xc — BI,P? be the double cover branched along smooth
curve C ~ —2Kp; p2, then X is a K3 surface with anti-symplectic
involution 7: X — X. Then NS(X) contains

0 2

2 =2 )
Its period domain D is determined transcendental lattice
U2@E8@E7@A1.
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Moduli space

o Let X =X¢c — B/pIP>2 be the double cover branched along smooth
curve C ~ —2Kp; p2, then X is a K3 surface with anti-symplectic
involution 7: X — X. Then NS(X) contains

0 2

2 =2 )
Its period domain D is determined transcendental lattice
U? & Eg & E7 & Ar.

@ Via a period point of K3 surfaces, there is biratonal map
PK(c) -—» F =T\ D, [(BI,P? C)] = H**(Sc) mod T

if PX(c) is nonempty.
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Two divisors F

o Hyperelliptic divisor Hy, on F: X 2% BI,P? branched along a general
curve C € | — 2K, p2| tangent the (—1)-curve E.

L B B

L2 0 o0

NSX)=1 g lo —2 1
E;|0 1 =2
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Two divisors F

o Hyperelliptic divisor Hy, on F: X 2% BI,P? branched along a general
curve C € | — 2K, p2| tangent the (—1)-curve E.

L B B

L2 0 o0

NSX)=1 g lo —2 1
E2 |0 1 -2

@ Unigonal divisor H, on F: X LN Blpﬁ\l,/lA) — BI,P(1,1,4).

| E F H,
El—2 0 2
Flo —2 1
H|2 1 -2
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Main results 1

Theorem A (Pan-Si-Wu,2023)
@ The walls for K-moduli space PX(c) are

1 51 71517 15 2

14°58°10°6278734°6'3875722° 7
29 31 2 35

v ={ 106" 110'7 118
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Main results 1

Theorem A (Pan-Si-Wu,2023)

@ The walls for K-moduli space PX(c) are
1 51 71517 15 2
We={ — > -~ -~ -2 - - > Z
h {145810628346385227}
2 32
Y1 106°110° 77118

@ Ifce(0,) PK(c)isempty. If c € (&, &) PK(c) =PV T
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Main results 1

Theorem A (Pan-Si-Wu,2023)
@ The walls for K-moduli space PX(c) are

1 51 71517 15 2

14°58°10°6278734°6'3875722° 7
29 31 2 35

*=! 106" 110" 7' 118 }
@ Ifce(0,3) PK(c) isempty. If c € (&.55), PK(c) =PV T.
© There are two d/wsor/al contraction morphisms PK(w + ¢) — PX(w)

atw =g and w = 106 The exceptional divisors E;; € PX(w +¢) is
birational to hyperelliptic divisor Hp( resp. unigonal divisor H, ).

v
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Table for K-wall

wall curve B on P? weight | curve singularity at p
= x'zy =0 (1,00 Ay
= x*22+x33 =0 (0,2,3 As
1—10 x*22 +x3zy> +a-x°y* =01 (0,1,2 Az
612 X422 + xy® =0 (0,2,5 Ay
1| X*Z22+xPzy3+a-y® =0, [ (01,3 As tangent to L,
8 x3f(z,y) =0 (0,11 Dy
5 x*z22 + xzy* =0 (0,1,4 A7 with a line
34 X322y +x2y* =0 (0,2,3 Ds
1 X222+ zy° =0 (0,1,5 Ag with a line
6 x32%y +x?zy3 +a-xy° =01 (0,1,2 Dg
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Table for K-walls

wall | curve B on P?> | weight | curve singularity at p
x*z%y +y° =0 |(0,2,5) D+ tangent to L,
X323+ x%y* =0 | (0,3,4) Es
x*2%y + xzy* =0 | (0,1,3) Ds with L,
x32%y + 2y =0 | (0,1,4) Do with L,
)
)

x3z3 +x%?zy> =0 | (0,2,3 E;
x*z224+xy>=0 | (03,5 Es

i Nov e 8~

Table: K-moduli walls from Gorenstein del Pezzo F; = BI[LOJ)]]P’2
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Table for K-walls

rve B on P? weight

curve singularity at p

wall cu
7 x322y +y® =0 [(0,2,5) | D;tangentto L,
38 322+ x%y* =0 | (0,3,4) Es
% x32%y + xzy* =0 | (0,1,3) Dg with L,
5 | X322y +2z°=0 | (0,1,4) Dy with L,
2 5334+ x%zy3=01(0,2,3) E;
% x*z224+xy> =0 | (0,3,5) Es

Table: K-moduli walls from Gorenstein del Pezzo F; = BI[1,070]]P2

wall

curve B on P(1,1,4)

weight | (a, b, m)

29

224+ 22x* =0

(1,0,4) | (0,1,0)

106
31

22+ zyx" =0

(2,0,7) | (1,1,1)

21X =0

(3,0,10) | (2,1,2)

—

w
\I\I\JH‘

[&] =

118

(1,0,3) | (1,0,1)

Table: K-moduli walls from index 2 del Pezzo Bl ogP(1,1,4)
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Main results 2
Define the Hasset-Keel-Looijenga (HKL) model for F

F(s) := Proj( P H(F, m(A + sHy + 25sH,))

By Baily-Borel's work, F(0) = F* is Baily-Borel's compactification for F
with boundaries F* — F consisting of modular curves.
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Main results 2
Define the Hasset-Keel-Looijenga (HKL) model for F

F(s) := Proj(@ HO(F, m(\ + sHp, + 25sH,,))
By Baily-Borel's work, F(0) = F* is Baily-Borel's compactification for F
with boundaries F* — F consisting of modular curves.

Theorem B (Pan-Si-Wu,2023)

There is natural isomorphism PX(c) = F(s)induced by the period map
under the transformation

1-2c

56c — 4

s=s(c) =

where ﬁ <c< % In particular, PX(c) will interpolates the GIT space
PV T and Baily-Borel compactification F*. The walls are w = % and

ne{1,2,3,4,6,8,10,12,16,25,27,28,31 }
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Sketch of proof of Theorem A

@ Stepl: To determine K-semistable degeneration. By using some
classification results of index < 2 del pezzo surface and normalised
volume comparison due to Chi Li, Li-Liu, we can show each
(X, cC) € PX(c), then X is either BI,P? or BI,P(1,1,4).
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Sketch of proof of Theorem A

@ Stepl: To determine K-semistable degeneration. By using some
classification results of index < 2 del pezzo surface and normalised
volume comparison due to Chi Li, Li-Liu, we can show each
(X, cC) € PX(c), then X is either BI,P? or BI,P(1,1,4).

e Step2: Local VGIT structure of K-moduli implies if (X, cC) € PK(w)
admits 1-PS X and thus FL(Ey) = 0 where E} is exceptional divisor of
certain weighted blowup determined by A. e.g, X = BI[LO’O]IP’2 and for
some A = [0, my, mp] on X,

142+ 13b

B (1—-2¢)

Ax.cc)(Ex) =a+b—mec, Sixccy(Ex) =

Then Ax.cc)(Ex) = Six,cc)(Ex) will all potential walls.
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@ Step3: To determine the 1st walls and then keep track of wall
crossing at all centers for each walls.
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@ Step3: To determine the 1st walls and then keep track of wall
crossing at all centers for each walls.
Following the arguments of Liu-Xu, show for 1—14 <c< ﬁ + € and any
K-degeneration (Xo, cCo) of (BI,P?, cC), Xy is still Bl,P?, then

pK — PV.

Then explicit wall-crossing are followed by analysis of local VGIT at
each wall w € W, U W,
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Some remarks:

@ The explicit wall-crossing from PV /T to F* will be useful to
calculate the topological invariants and intersection theory on the
moduli space F.
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@ The explicit wall-crossing from PV /T to F* will be useful to
calculate the topological invariants and intersection theory on the
moduli space F.

@ For higher dimensional log Fano pairs, to find walls of their K-moduli
seems much harder than dimension 2. The arithmetic stratifications
should be powerful to predict walls for K-moduli of log Fanos related
to K3 surfaces (even irreducible holomorphic symplectic varieties).

Fei Si (Peking university) K-moduli space 20 /21



Some remarks:

@ The explicit wall-crossing from PV /T to F* will be useful to
calculate the topological invariants and intersection theory on the
moduli space F.

@ For higher dimensional log Fano pairs, to find walls of their K-moduli
seems much harder than dimension 2. The arithmetic stratifications
should be powerful to predict walls for K-moduli of log Fanos related
to K3 surfaces (even irreducible holomorphic symplectic varieties).

@ It should be interesting to look at the behavior of ¢ > % and ¢ = %
For ¢ > % by Alexeev-Engel and Alexeev-Engel-Han's work, the
KSBA moduli space compactifying pairs (Bl,P?, cC) and their slc
degeneration has a natural normalization— Toroidal compactification
of F.

For c = % it is expected to have a moduli theory for log CY to
connect wall crossing from K-moduli to KSBA moduli.
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Thank you for attention !
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